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Theta operator for Hermitian modular forms over
the Eisenstein field
Shoyu Nagaoka and Sho Takemori
Abstract
In this paper, we have investigated the mod p kernel of the theta
operator for Hermitian modular forms when the base field is the Eisenstein
field.
1 Introduction
The first attempt to generalize Ramanujan’s theta operator to a higher degree
case was made in [1]. Subsequently, this generalization was developed by several
researchers (e.g., [7], [2],[8]).
In the case of Siegel modular forms, the theta operator Θ is defined by F =∑
aF (T )q
T−→ Θ(F ) := ∑ det(T ) · aF (T )qT for the generalized q-expansion
F =
∑
aF (T )q
T . If we use the theta operator, some congruence property that
satisfies Igusa’s Siegel cusp form χ35 can be expressed as
(∗) Θ(χ35) ≡ 0 (mod 23) (cf. [7]).
For a modular form F , the image Θ(F ) is not necessarily a modular form in
general. However, we know that, for a fixed prime number p, Θ(F ) is congruent
to a true modular form G mod p under some condition on p (cf. [1]) as follows:
Θ(F ) ≡ G (mod p),
The modular form G occasionally becomes zero, that is, Θ(F ) ≡ 0 (mod p). In
this case, we say that F is an element of the mod p kernel of the theta operator.
In the case of degree 2 Siegel modular forms, we have a number of examples of
such forms. For example, Igusa’s cusp form χ35 is an element of the mod 23
kernel of the theta operator as stated above. Moreover, the Siegel Eisenstein
series E
(2)
12 and the Siegel theta series ϑ
(2)
L associated with the Leech lattice L
satisfy
(†) Θ(E(2)12 ) ≡ Θ(ϑ(2)L ) ≡ 0 (mod 23), ( e.g. cf. [13]).
In this paper, we shall show that similar phenomena exist in the case of Hermi-
tian modular forms of degree 2 over the Eisenstein field Q(
√
3 i).
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In [4], Dern and Krieg determined the structure of the graded rings of degree
2 Hermitian modular forms in the cases Q(i) (the Gaussian field) and Q(
√
3 i)
(the Eisenstein field). In the case of Q(
√
3 i), they showed that there are two
odd weight forms φ9 and φ45 in the set of generators. In this study, we shall
show that
(∗∗) Θ(φ9) ≡ 0 (mod 2), Θ(φ45) ≡ 0 (mod 11),
in § 4.2.
The congruence relations (∗) and (∗∗) lead us to the following conjecture:
Any odd weight modular form with Borcherds product will be in the mod p kernel
of the theta operator for a suitable prime number p.
(Igusa’s cusp form χ35 is a typical example of Borcherds product (cf. [5], Theo-
rem 1.5.). Moreover, the modular forms φ9 and φ45 are constructed as Borcherds
products ([4], Corollary 3).)
The isometry classes of rank 12 Eisenstein lattices were classfied by Hentschel,
Krieg and Nebe in [6]. They showed that there are exactly five isometry classes.
According to their notation, we write the corresponding representative Gram
matrices as Hi(i = 1, . . . , 5). We show that the weight 12 Hermitian Eisenstein
series E
(2)
12,Q(
√
3 i)
and the Hermitian theta series ϑ
(2)
Hi
(i = 4, 5) satisfy
(††) Θ(E(2)
12,Q(
√
3 i)
) ≡ Θ(ϑ(2)H4 ) ≡ Θ(ϑ
(2)
H5
) ≡ 0 (mod 11),
where H5 corresponds to the Hermitian Leech lattice (cf. § 3.3 ) .
The congruence relation (††) and the corresponding result in the case of the
Gaussian field (Theorem 8 in [8]) leads to the second conjecture:
Any Hermitian theta series associated with the Hermitian Leech lattice will be
in the mod p kernel of the theta operator for a suitable prime number p.
2 Preliminaries
2.1 Notation
The Hermitian upper half-space of degree 2 is given as
H2 := {Z ∈M2(C) | 1
2i
(Z − tZ) > 0 },
where tZ denote the transpose, and the complex conjugate of Z. Let K be
an imaginary quadratic number field with the discriminant dK and the ring of
integers
OK = Z+ Zω, ω =
{
i
√|dK |/2, if dK ≡ 0 (mod 4),
(1 + i
√|dK |)/2 if dK 6≡ 0 (mod 4).
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Then
Γ2(OK) := {M ∈M4(OK) | MJ tM = J }, J :=
(
0 −E2
E2 0
)
,
is called the Hermitian modular group of degree 2 over K. The group Γ2(OK)
acts on H2 by the fractional linear transformation Z 7−→ M〈Z〉 := (AZ +
B)(CZ + D)−1, M =
(
AB
CD
)
. If Γ ⊂ Γ2(OK) is a subgroup of finite index
and ν is an abelian character of Γ, the space Mk(Γ, ν), k ∈ Z of the Hermitian
modular forms of weight k and character ν with respect to Γ consists of all the
holomorphic functions F : H2 −→ C that satisfy
F |k M(Z) := det(CZ +D)−kF (M〈Z〉) = ν(M) · F (Z)
for all M =
(
AB
CD
) ∈ Γ. The subspace Sk(Γ, ν) of the cusp forms is characterized
by the condition
F
∣∣∣
k
(
tU 0
0 U−1
) ∣∣∣Φ ≡ 0 for all U ∈ GL2(K),
where Φ is the Siegel Φ-operator. There is an exceptional automorphism of the
Hermitian upper half-space
Itr : H2 −→ H2, Z 7−→ tZ,
satisfying
M ◦ Itr = Itr ◦M for all M ∈ Γ2(OK).
The superscript sym (resp. skew) denotes the subspace of the symmetric (resp.
skew-symmetric) Hermitian modular forms characterized by
F ◦ Itr = F resp. F ◦ Itr = −F.
Each F ∈Mk(Γ2(OK), detl) possesses a Fourier expansion of the form
F (Z) =
∑
0≤H∈Λ2(OK)
a(F ;H)exp(2piitr(HZ)),
where
Λ2(OK) :=
{
H =
(
m t
t n
) ∣∣∣ m, n ∈ Z≥0, t ∈ 1√
dK
OK = O♯K
}
.
For simplicity, we write the above Fourier expansion by F =
∑
a(F ;H)qH . We
may regard that the right-hand side is an element of some formal power series
ring C[[q]] (cf. [11], p.248).
Let R be a subring of C. We denote by Mk(Γ2(OK), detl)R the R-module
consisting of F ∈ Mk(Γ2(OK), detl) all of whose Fourier coefficients a(F ;H)
are in R. In this case, we may regard it as an element of R[[q]].
For a prime number p, we denote by Z(p) the local ring at p (i.e. the ring of p-
integral rational numbers). For two elements Fi =
∑
a(Fi;H)q
H ∈ Z(p)[[q]] (i =
1, 2), we write
F1 ≡ F2 (mod p)
when a(F1;H) ≡ a(F2;H) (mod p) holds for all H ∈ Λ2(OK).
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2.2 Eisenstein series and theta series
Examples of the Hermitian modular forms are given by the Hermitian Eisenstein
series and the Hermitian theta series.
The Hermitian Eisenstein series of weight k and degree 2 over K is defined by
E
(2)
k,K(Z) :=
∑
M=( ∗ ∗C D):{(∗ ∗0 ∗)}\Γ2(OK)
(det(M))k/2det(CZ +D)−k,
where k > 4 is an even integer. It is known thatE
(2)
k,K ∈Mk(Γ2(OK), det−k/2)symQ
(cf. [4]). Moreover E
(2)
4,K ∈ M4(Γ2(OK), det−2)symQ is defined as the Maaß lift
(cf. [4]). An explicit formula for a(E
(2)
k,K ;H) was given by Krieg [10] in the case
when the class number of K was one.
The second example is the theta series. Let S ∈ Herm(K) be a positive definite
even matrix with respect to OK . The degree 2 Hermitian theta series associated
with S is defined by
ϑ(2)(Z;S) :=
∑
G∈Mm,2(OK)
exp(piitr(ZtGSG)).
If S satisfies an additional condition det(S) = (2/
√
dK)
m (i.e. S is unimodular),
then m ≡ 0 (mod 4) and
ϑ(2)(Z;S) ∈Mm(SL4(K) ∩ Γ2(OK), 1)symZ ,
(cf. [3]).
3 Hermitian modular forms over the Eisenstein
field
In the rest of this paper, we treat the case in which
K = Q(
√
3 i) (Eisenstein field).
In this case
dK = −3, OK = Z+ ωZ, ω = (1 +
√
3 i)/2.
It is known that
Mk(Γ2(OK), detl) =
{
Mk(SL4(K) ∩ Γ2(OK), 1) if k ≡ l (mod 3),
{0} otherwise. (3.1)
In this case, the formal power series C[[q]] introduced in § 2.1 is explicitly
given as follows:
C[[q]] := C[q˙±112 , q¨
±1
12 ][[q˙11, q˙22]], (3.2)
where q˙12 := exp(2pii(z12 − z21)/2
√
3i), q¨12 := exp(2pii(z12 + z21)/2), q˙11 :=
exp(2piiz11), and q˙22 := exp(2piiz22) for Z =
(
z11 z12
z21 z22
)
.
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3.1 Structure of the graded ring
In the case K = Q(
√
3 i), Dern-Krieg [4] determined the structure of the graded
ring ⊕
k∈Z
Mk(Γ2(OK), detk) =
⊕
k∈Z
Mk(SL4(K) ∩ Γ2(OK), 1) (cf. (3.1)).
Proposition 3.1. ([4], Corollary 3) Let K = Q(
√
3 i). Then there exist the
Borcherds products
φ9 ∈ S9(Γ2(OK), 1)skew and φ45 ∈ S45(Γ2(OK), 1)sym.
We will study the mod p properties of φ9 and φ45 in § 4.2.
Theorem 3.2. ([4], Theorem 6) Let K = Q(
√
3 i).
(1)The graded ring⊕
k∈Z
Mk(Γ2(OK), detk) =
⊕
k∈Z
Mk(SL4(K) ∩ Γ2(OK), 1)
is generated by
E
(2)
4,K , E
(2)
6,K , φ9, E
(2)
10,K , E
(2)
12,K , and φ45,
where φ9 and φ45 are cusp forms given in Proposition 3.1.
(2) The ideal of cusp forms in ⊕Mk(Γ2(OK), detk) is generated by
φ9, f10, f12, and φ45,
where fk is defined by
f10 := E
(2)
10,K − E(2)4,K ·E(2)6,K ∈ S10(Γ2(OK), det−5)sym,
f12 := E
(2)
12,K −
441
691
(E
(2)
4,K)
3 − 250
691
(E
(2)
6,K)
2 ∈ S12(Γ2(OK), 1)sym.
3.2 Theta operator on Hermitian modular forms
The theory of a theta operator on the Hermitian modular forms was developed
by several researchers (e.g., [12], [8]).
We recall that the Fourier expansion of the Hermitian modular form can be
regarded as an element of the formal power series ring C[[q]] (cf. (3.2)). The
theta operator over C[[q]] is defined by
Θ : F =
∑
a(F ;H)qH 7−→ Θ(F ) :=
∑
det(H) · a(F ;H)qH .
As stated in the introduction, Θ(F ) is not necessarily a Hermitian modular form
even if F is. However we have the following result.
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Theorem 3.3. Let K = Q(
√
3 i) and p be a prime number such that p ≥ 5.
For any F ∈Mk(Γ2(OK), detk)Z(p) , there is a cusp form
G ∈ Sk+p+1(Γ2(OK), detk+p+1)Z(p)
such that
Θ(F ) ≡ G (mod p). (3.3)
Proof. The same type of statement in the case K = Q(i) was given in [8],
Theorem 3. A similar method using the Rankin-Cohen bracket is applicable for
the case K = Q(
√
3 i) (e.g., [12]).
Example 3.4. Here we give an example of (3.3) in the case that F = E
(2)
4,K
and p = 7.
Let f12 be the cusp form introduced in Theorem 3.2, (2). We normalize f12 as
f˜12 := − 691 · 1847
213 · 36 · 53 · 72 f12, a
(
f˜12,
(
1 1/
√
3 i
−1/√3 i 1
))
= 1.
Then all of the Fourier coefficients of f˜12 are rational integers and
Θ(E
(2)
4,K) ≡ f˜12 (mod 7).
For example 

a
(
Θ(E
(2)
4,K);
(
1 x
x 1
))
= 4320,
a
(
f˜12;
(
1 x
x 1
))
= 1,
for x ∈ K with N(x) = 1/3, and

a
(
Θ(E
(2)
4,K);
(
1 0
0 1
))
= 17280,
a
(
f˜12;
(
1 0
0 1
))
= 18.
In the congruence Θ(F ) ≡ G (mod p), the modular form G sometimes van-
ishes identically, that is, Θ(F ) ≡ 0 (mod p). In this case, F is called an element
of the mod p kernel of the theta operator.
The main purpose of this paper is to construct such modular forms.
3.3 Hermitian theta series for Eisenstein lattices
We still assume thatK = Q(
√
3 i). We recall the definition of Eisenstein lattice.
The lattice Λ ⊂ Kr is called an Eisenstein lattice of rank r if there exist linearly
independent vectors b1, . . . , br ∈Kr such that
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(i) Λ = OKb1 + · · ·+OKbr,
(ii) det(〈bj , bk〉) = (2/
√
3 i)r,
(iii) 〈λ, λ〉 ∈ 2Z for all λ ∈ Λ,
where 〈 , 〉 : Kr ×Kr −→ K is the standard Hermitian scalar product defined
by 〈x, y〉 = txy.
It is known that Eisenstein lattices exist only if r is multiple of 4 (cf. § 2.2).
Moreover, we have
ϑ(2)(Z, S) ∈Mr(SL4(K) ∩ Γ2(OK), 1)symZ =Mr(Γ2(OK), det−r/2)symZ ,
where S is the Gram matrix of an Eisenstein lattice (cf. [6], Proposition 2).
Hentschel-Krieg-Nebe classified isometry classes of Eisenstein lattices of rank
12.
Theorem 3.5. ([6], Theorem 2). There are exactly five isometry classes of
Eisenstein lattices rank 12 whose root lattices are 3E8, 4E6, 6D4, 12A12, ∅ (i.e.,
the Hermitian Leech lattice).
According to [6], we write the corresponding Gram matrices as H1, . . . , H5
and consider the theta series ϑ(2)(Z,Hi)∈M12(Γ2(OK), 1)symZ .
The following identity is a special case of the analytic version of Siegel’s main
theorem:
Proposition 3.6.
E
(2)
12,K =−
3 · 7 · 11 · 13
691 · 809 · 1847ϑ
(2)(Z,H1) +
26 · 53 · 7 · 11 · 13
691 · 809 · 1847 ϑ
(2)(Z,H2)
+
2 · 38 · 52 · 7 · 11 · 13
691 · 809 · 1847 ϑ
(2)(Z,H3) +
215 · 32 · 52 · 7 · 13
691 · 809 · 1847 ϑ
(2)(Z,H4)
+
28 · 39 · 5
691 · 809 · 1847ϑ
(2)(Z,H5).
Proof. The identity is obtained by the direct calculation of the Fourier coeffi-
cients of E
(2)
12,K and ϑ
(2)(Z,Hi).
3.4 Sturm bound for Hermitian modular forms over the
Eienstein field
To prove congruences among Hermitian modular forms, we recall some results
of the Sturm bound in the case of Hermitian modular forms over the Eisenstein
field.
Theorem 3.7. ([8], Theorem 2). Let K = Q(
√
3 i) and p be a prime number
such that p ≥ 5. If a Hermitian modular form F ∈Mk(Γ2(OK), detk)symZ(p) , with
even weight k satisfies
a(F ;H) ≡ 0 (mod p)
for all H =
(
m ∗
∗n
) ∈ Λ2(OK) with m, n ≤ [k9 ], then
F ≡ 0 (mod p).
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4 Main results
As stated in the introduction, the main purpose of this paper is to constuct
some examples of Hermitian modular forms in the mod p kernel of the theta
operator.
4.1 Hermitian theta series
In § 2.2 , we considered the Hermitian theta series ϑ(2)(Z,Hi) where Hi (i =
1, . . . , 5) are the Hermitian matrices corresponding to the representatives of
Eisenstein lattices of rank 12. The first main result shows that two of ϑ(2)(Z,Hi)
are in the mod 11 kernel of the theta operator.
Theorem 4.1. We have
Θ(E
(2)
12,K) ≡ Θ(ϑ(2)(Z,H4)) ≡ Θ(ϑ(2)(Z,H5)) ≡ 0 (mod 11),
in particular, ϑ(2)(Z,H4) and ϑ
(2)(Z,H5) are in the mod 11 kernel of the theta
operator.
Proof. The statement that Θ(E
(2)
12,K) ≡ 0 (mod 11) is a consequence of [8],
Theorem 5. Next we shall show that
Θ(ϑ(2)(Z,H5)) ≡ 0 (mod 11).
We apply the setting in Theorem 3.3 to{
F = ϑ(2)(Z,H5) ∈M12(Γ2(OK), det−6)Z =M12(Γ2(OK), det12)Z,
p = 11.
Then there is a modular form G ∈ S24(Γ2(OK), det24)Z(11) such that
Θ(ϑ(2)(Z,H5)) ≡ G (mod 11).
The numerical data (Table 1 in § 5.1) on the Fourier coefficients a(ϑ(2)(Z,H5);H)
shows that
det(H) · a(G;H) ≡ 0 (mod 11)
for all H =
(
m ∗
∗n
)
with n, m ≤ [ 249 ] = 2. By Sturm’s bound (Theorem 3.7), we
obtain
Θ(ϑ(2)(Z,H5)) ≡ G ≡ 0 (mod 11).
Finally, we prove Θ(ϑ(2)(Z,H4)) ≡ 0 (mod 11). We recall that Θ(E(212,K) ≡ 0
(mod 11). However, it follows from Proposition 3.6 that
7ϑ(2)(Z,H4) + 5ϑ
(2)(Z,H5) ≡ E(2)12,K (mod 11).
Since Θ(ϑ(2)(Z,H5)) ≡ Θ(E(2)12,K) ≡ 0 (mod 11), we obtain
Θ(ϑ(2)(Z,H4)) ≡ 0 (mod 11).
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A congruence relation similar to the above Theorem holds if K is the Gaus-
sian field (Theorem 8 in [8]). These facts lead us the following conjecture:
Any Hermitian theta series associated with the Hermitian Leech lattice will be
in the mod p kernel of the theta operator for a suitable prime number p.
4.2 Odd weight forms
In § 3.1, we saw a set of generators of the graded ring ⊕Mk(Γ2(OK), detk)
(cf. Theorem 3.2). There are two modular forms with odd weight in the set of
generators. The second main result shows that these forms are in the kernel of
the theta operator.
Let φ9 and φ45 be odd weight modular forms given in Theorem 3.3. We assume
that they are normalized as
a
(
φ9;
(
1 −1/√3i
1/
√
3i 1
))
= a
(
φ45;
(
3 1
1 4
))
= 1,
(i.e., the first Fourier coefficient is equal to one).
Now we use the following abbreviations for H ∈ Λ2(OK):
H =
(
m (a+ b
√
3i)/2
√
3i
(−a+ b√3i)/2√3i n
)
=: (m,n, a, b) (4.1)
and
q(m,n,a,b) := qH = exp(2piitr(HZ)).
By numerical computation, a few Fourier coefficients of φ9 are given as follows:
φ9 = q
(1,1,−2,0) − q(1,1,−1,−1) − q(1,1,−1,1)
+ q(1,1,1,−1) + q(1,1,1,1) − q(1,1,2,0) +
∑
H
a(φ9;H)q
H .
In the last summation, H runs over the elements of Λ2(OK)>0 such that H =(
m ∗
∗n
)
with max(m,n) > 1.
The coefficients of φ45 are given as follows:
φ45 =q
(3,4,−3,−1) − q(3,4,−3,1) − q(3,4,0,2)
+ q(3,4,3,−1) − q(3,4,3,1) − q(4,3,−3,−1) + q(4,3,−3,1)
+ q(4,3,0,−2) − q(4,3,0,2) − q(4,3,3,−1) + q(4,3,3,1)
+
∑
H
a(φ45;H)q
H ,
whereH runs over elements of Λ2(OK)>0 such thatH =
(
m ∗
∗n
)
with max(m,n) >
4. (Further examples of a(φ9;H) and a(φ45;H) are given in § 5.)
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Lemma 4.2. We have
φ9 ∈ S9(Γ2(OK), 1)skewZ and φ45 ∈ S45(Γ2(OK), 1)symZ .
Moreover, let φ = φ9 or φ45 and f ∈ R[[q]] for some ring R ⊂ C, if there exists
g ∈ C[[q]] such that f = φg, then we have
g ∈ R[[q]].
Proof. The first statement of integrality follows from the fact that φ9 and φ45
are Borcherds products. The second statement follows from the above explicit
Fourier expansions of φ9 and φ45 because they are monic if we define a suitable
order of monomials.
We denote by S2 the Siegel upper-half space of degree 2. This is characterized
by
S2 = {Z ∈ H2 | tZ = Z }.
Lemma 4.3. Let p ≥ 3 be a prime number and F ∈ Mk(Γ2(OK), detk)symZ(p)
with k odd. If F |S2 ≡ 0 (mod p), then there exists
G ∈Mk−18(Γ2(OK), detk−18)symZ(p)
such that F ≡ φ29G (mod p).
Proof. By Lemma 2 of [4] and Lemma 4.2, there exists
h ∈Mk−45(Γ2(OK), detk−45)symZ(p)
such that F = φ45h. It is known that φ45|S2 = χ10χ35 where χk are Igusa’s
Siegel cusp forms of degree 2. Considering the Fourier expansion of χ10χ35, we
see that h|S2 ≡ 0 (mod p). Since there exists J ∈ Mk−45(Γ2(OK), detk−45)symZ(p)
such that p J |S2 = h|S2 , we have
(F − p φ45J)|S2 = 0.
By [4] and Lemma 4.2, there exists
G′ ∈Mk−9(Γ2(OK), detk−9)skewZ(p)
such that F ≡ φ9G′ (mod p). Again by Lemma 2 of [4] and Lemma 4.2, there
is G ∈Mk−18(Γ2(OK), detk−18)symZ(p) such that G′ = φ9G.
Lemma 4.4. Let F =
∑
m,n≥0
am,n(F ; q˙12, q¨12)q
m
11q
n
22 ∈ Z(p)[[q]] (cf. (3.2)). Sup-
pose that there is G ∈ Z(p)[[q]] such that F ≡ φ9G (mod p) and
am,n(F ; q˙12, q¨12) ≡ 0 (mod p)
for all m,n ≤ N . Then we have
am,n(G; q˙12, q¨12) ≡ 0 (mod p)
for all m,n ≤ N − 1.
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Proof. As an element of Z(p)[[q]], φ9 is given by
φ9 = q˙11q¨22(q˙
−2
12 − q˙−112 q¨−112 − q˙−112 q¨12 + q˙12q¨−112 + q˙12q¨12 − q¨212)
+
∑
max(m,n)>1
a(φ9; q˙12, q¨12)q˙
m
11q˙
n
22, (cf. (3.2)).
The statement follows from this expression.
Proposition 4.5. Let p ≥ 3 be a prime number. Suppose that k ≥ 0 is odd
and F ∈Mk(Γ2(OK), detk)Z(p) . If
a(F ;H) ≡ 0 (mod p)
for any H =
(
m ∗
∗n
) ∈ Λ2(OK)≥0 such that m,n ≤ [k/9] − 1. Then we have
a(F ;H) ≡ 0 (mod p) for any H ∈ Λ(OK)≥0, namely, F ≡ 0 (mod p).
Proof. Since the proof is similar, we prove the case only when F is symmetric.
We prove the statement by induction on k.
First, let k = 45 and F be a constant multiple of φ45. (Note that φ9 is skew
symmetric.) Then the statement follows from the Fourier expansion of φ45. Next
we assume that k > 45 and the statement is true for smaller weights. By assump-
tion and Sturm bound for the Siegel modular case (cf. [9]), we have F |S2 ≡ 0
(mod p). By Lemma 4.3, there exists G ∈ Mk−18(Γ2(OK), detk−18)symZ(p) such
that F ≡ φ29G (mod p). By Lemma 4.4, for any H =
(
m ∗
∗n
) ∈ Λ(OK)≥0, we
have a(G;H) ≡ 0 (mod p) if m,n ≤ [k/3]− 3 = [(k − 18)/9]− 1. By induction
hypothesis, we have G ≡ 0 (mod p).
The second main result can be stated as follows:
Theorem 4.6. We have the following congruence relations:
(1) Θ(φ9) ≡ 0 (mod 2)
(2) Θ(φ45) ≡ 0 (mod 11).
Proof. (1) We consider the Hermitian Rankin-Cohen bracket [φ9, E
(2)
4,K ], where
φ9 and E
(2)
4,K are forms in the generators of the graded ring ⊕Mk(Γ2(OK), detk).
The Hermitian Rankin-Cohen bracket [ , ] defined similarly as in the case of
Siegel modular forms (cf. [1], [12]). Using the fact that E
(2)
4,K ≡ 1 (mod 24) and
explicit expression of [φ9, E
(2)
4,K ], we have the following expression:
[φ9, E
(2)
4,K ] = 2
3c0 · Θ(φ9)E(2)4,K + 2mc1 · P
where ci ∈ Z(2) ((c0, 2) = 1), 4 ≤ m ∈ Z, and P is a Fouirer series in Z[[q]]. We
set G1 := (2
3c0)
−1[φ9, E
(2)
4,K ]. Then we obtain G1 ∈ S15(Γ2(OK), det15)Z(2) and
Θ(φ9) ≡ G1 (mod 2).
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By Theorem 3.2, we can write
G1 = γ ·E(2)6,K φ9 (γ ∈ Z(2)).
Computing the Fourier coefficients of Θ(φ9) and G1 at H =
(
1 i/
√
3
−i/√3 1
)
,
we obtain {
a(Θ(φ9);H) =
2
3 ≡ 0 (mod 2),
a(G1;H) = γ
This implies γ ≡ 0 (mod 2), and we get
Θ(φ9) ≡ G1 ≡ 0 (mod 2).
(2) By Theorem 3.3, there is a modular form G2 ∈ S57(Γ(OK), det57)Z(11) such
that
Θ(φ45) ≡ G2 (mod 11).
By Table 3 in § 5, we see that
a(G2;H) ≡ 0 (mod 11)
for all H =
(
m ∗
∗n
) ∈ Λ2(OK)≥0 with m, n ≤ [57/9] − 1 = 5. It follows from
Proposition 4.5 that
a(G2;H) ≡ 0 (mod 11)
for all H ∈ Λ2(OK). This implies
Θ(φ45) ≡ G2 ≡ 0 (mod 11).
Finally, we refer to the mod p property of Borcherds product. In the case of
Siegel modular forms, we know that Igusa’s cusp form χ35, which is a typical
example of Borcherds product, represents an element in the mod 23 kernel of
the theta operator. The above results in Theorem 4.6 lead us to the following
conjecture.
Any modular form of odd weight coming from Borcherds product will be in the
mod p kernel of the theta operator for a suitable prime number p.
5 Tables
In this section, we summarize the tables of Fourier coefficients that are needed
in the proof of statements in the previous sections.
As in § 4, we use the following abbreviation:
Λ2(OK) ∋ H =
(
m (a+ b
√
3 i)/(2
√
3 i)
(−a+ b√3 i)/(2√3 i) n
)
=: (m,n, a, b).
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5.1 Fourier coefficients of Hermitian theta series
In § 4.1, we considered the degree 2 theta series ϑ(2)(Z,Hi) for rank 12 Eisenstein
lattices Hi. The fifth matrix H5 corresponds to the Hermitian Leech lattice
(cf. Proposition 3.5). The following table concerns the Fourier coefficients
a(ϑ(2)(Z,H5);H).
Table 1: Fourier coefficient a(ϑ(2)(Z,H5);H)
H 3det(H) a(ϑ(2)(Z,H5);H)
(2, 2, 6, 0) 3 0
(2, 2, 5, 1) 5 0
(2, 2, 4, 0) 8 175134960 = 24 · 37 · 5 · 7 · 11 · 13
(2, 2, 3, 1) 9 553512960 = 212 · 33 · 5 · 7 · 11 · 13
(2, 2, 2, 0) 11 4075868160 = 212 · 37 · 5 · 7 · 13
(2, 2, 0, 0) 12 980755760 = 27 · 37 · 5 · 72 · 11 · 13
5.2 Fourier coefficients of odd weight forms
Let φ9 be the modular form given in Proposition 3.1 which is the first odd
weight generator of the graded ring. We take a normalization
a(φ9; (1, 1,−2, 0)) = 1
as in § 4.
For n ∈ Z≥1, we set
Kn := (1, n, 2, 0) ∈ Λ2(OK).
Any non-zero Fourier coefficient a(φ9;H) coincides with a(φ9;Kn) for Kn with
det(H) = det(Kn) up to sign.
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Table 2: Fourier coefficients a(φ9;Kn) for n ≤ 20
n 3det(Kn) a(φ9;Kn)
1 2 -1
2 5 16 = 24
3 8 −104 = −23 · 13
4 11 320 = −26 · 5
5 14 −260 = −22 · 5 · 13
6 17 −1248 = −25 · 3 · 13
7 20 3712 = 27 · 29
8 23 −1664 = −27 · 13
9 26 −6890 = −2 · 5 · 13 · 53
10 29 7280 = 24 · 5 · 7 · 13
11 32 5568 = 26 · 3 · 29
12 35 4160 = 26 · 5 · 13
13 38 −33176 = −23 · 11 · 13 · 29
14 41 −4640 = −25 · 5 · 29
15 44 74240 = 29 · 5 · 29
16 47 −29824 = −27 · 233
17 50 −14035 = −5 · 7 · 401
18 53 −54288 = −24 · 32 · 13 · 29
19 56 −27040 = −25 · 5 · 132
20 59 142720 = 27 · 5 · 223
Remark 5.1. From Table 2, we can see that the prime numbers 13 and 29
appear frequently as the prime factors of a(φ9;Kn). It has been confirmed that
the phenomenon occurs for a wide range of n.
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The second odd weight form in the set of generators is φ45.
Table 3: Fourier coefficients a(φ45;H)
H 3det(H) a(φ45;H)
(3,4,0,2) 33 1
(3,5,0,-2) 42 88 = 23 · 11
(3,6,0,2) 51 3740 = 22 · 5 · 11 · 17
(4,5,-5,1) 53 16038 = 2 · 36 · 11
(4,5,0,-2) 57 95931 = 33 · 11 · 17 · 19
(4,6,-5,1) 65 681615 = 36 · 5 · 11 · 17
(4,6,0,2) 69 720940 = 22 · 5 · 11 · 29 · 113
(5,6,-7,-1) 77 47271276 = 22 · 36 · 13 · 29 · 43
(5,6,-6,-2) 78 13709344 = 25 · 11 · 17 · 29 · 79
(5,6,-5,1) 83 62772732 = 22 · 36 · 11 · 19 · 103
(5,6,-3,-1) 87 835953624 = 23 · 32 · 11 · 127 · 8311
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